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Abstract

We consider Schrodinger equations and Fokker-Planck equations in one
dimension, and study the low-energy asymptotic behavior of the Green function
using a new method. In this method, the coefficient of the expansion in powers
of the wave number can be systematically calculated to arbitrary order, and the
behavior of the remainder term can be analyzed on the basis of an expression in
terms of transmission and reflection coefficients. This method is applicable to
a wide variety of potentials which may not necessarily be finite as x — F-00.

PACS numbers: 03.65.Nk, 02.30.Hq, 02.50.Ey

1. Introduction

We consider the one-dimensional Schrédinger equation
2

d
—@wm +Vs() ¥ (x) = Y (x), (1.1
or the equivalent Fokker—Planck equation [1]
2
—;7¢(X) + 2%[f()€)¢()€)] =g (x). (1.2)

The Fokker—Planck equation (1.2) describes the diffusion process in an external potential
V (x), which is related to the function f(x) in (1.2) by

_ ldV 1.3
f(x)——za (), (1.3)

orV(x) =-2 f f(x)dx. The correspondence between equations (1.1) and (1.2) is given by
the relations ¢ (x) = e~V ®/2y (x) and

Vs(x) = f2(x) + f'(x). (1.4)
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Here we study the Green function for (1.1) or (1.2). Our analysis is based on the expression
of the Green function in terms of reflection coefficients which were derived in [2], and the
method of asymptotic expansion for the reflection coefficients presented in [3]. In this method,
the high- and low-energy expansions can be treated on an equal footing. The high-energy
expansion of the Green function was discussed in a previous paper [4]. In the present paper,
we study the low-energy expansion.

The low-energy asymptotic behavior of the Green function and related functions has been
studied for many years, and various methods have been proposed [5-15]. (Most of these
methods are limited to the cases where ffooo |Vs(x)| dx < oo, although there are some specific
methods for other types of Vs.) In this paper, we use a method different from any of these
previous works, and derive simple results for the expansion in powers of the wave number k
to arbitrary order. There have been previously similar attempts at systematically calculating
the expansion of the Green function to arbitrary order [9], but the formulae derived in this
paper are new, and applicable to a larger class of potentials (including the cases where Vg (x)
is not finite as x — £00). These results are not only of theoretical interest, but also useful for
practical calculations.

We assume that the Fokker—Planck potential V (x) is a real-valued function which is
piecewise continuously differentiable!. We allow V (x) to be either +00, —oo or finite as
x — 400, and similarly for x — —oo, and we require that V (x) behave steadily and
smoothly at spatial infinity. Specifically, we assume that V (x), f(x) and f’(x) are monotone
for sufficiently large |x|, at both x — +00 and x — —oo. We do not consider the cases where
V (x) shows oscillatory or other indeterminate behavior as x — Zo00. Note that Vg(d00) are
either finite or +00. The cases Vg(£00) = —oo are not considered here, since such Vs does
not correspond to an appropriate Fokker—Planck potential.

Our aim in this paper is to derive an expansion of the Green function in powers of k for
Imk > 0. For such an expansion to be possible, it is necessary that V(x) either converge
sufficiently rapidly or diverge sufficiently rapidly as |x| — Zo0. Letus introduce the following
classes of real-valued functions:

FO = {g ‘/ (1+ [x]|")|g(x)|dx < oo for any ﬁnitea}, (1.5a)
—00

o0
/ (1+1]x]")|g(x)] dx < oo for any finite a } , (1.5b)

where 7 is a nonnegative integer. We derive the low-energy expansion under the condition that
V-VvieF? o eVe Frf’) or e'e Fn(’) (1.6)

n
with some n and some finite constant V;. (Here V — V;,e~" and e mean V (x) — V;,e=V®

and e”™ as functions of x.) This is essentially a condition on the behavior of V(x) as
x — —o0, and the three cases in (1.6) correspond to the cases V (—oo) = V|, V(—00) = +00

and V (—o00) = —oo respectively. Similarly, concerning the behavior of V(x) as x — +o0, it
is required that
V—-V,eFY or e’ eFY or e eFY (1.7

' The Fokker—Planck equation (1.2) is well defined even when V (x) has a jump discontinuity and f(x) has a delta
function [1], although the corresponding Vs(x) does not make sense in such a case. A delta function in f(x) is
interpreted as jump conditions for ¢ (x) and ¢’(x), in much the same way that a delta function in Vs(x) is interpreted
as a jump condition for ¥/ (x). The jump conditions require that eV®e¢(x) and ¢’ (x) — 2 f(x)¢(x) be continuous.
For example, if f(x) = ¢§(x — xp), then ¢ (xp +0) = 62‘¢>(x0 —0) and ¢’ (xg +0) = ¢'(xo — 0). If f(x) has a jump,
then Vg (x) has a delta function, and v’ (x) has a jump. The Green function studied in this paper is meaningful for the
Fokker—Planck equation even when Vg does not make sense.

2
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with some m and some finite constant V,. The three cases in (1.7) correspond to the cases
V(+00) = V,, V(+o0) = +00 and V (+00) = —oo. Since there are three cases for x — —o0
and three cases for x — +o00, there are nine cases in all. But it is sufficient to consider only
the following six cases:

1) V(—o0) =V, V(+00) = V>, (i) V(—o0) =V, V (+00) = +00,
(i) V(—o0) =V, V(+00) = —00, @iv) V(—0o0) = +o00, V(+00) = +00,
V) V(—00) =+00, V(+00) = —00, i) V(—00) = —00, V(+00) = —0o0.

We derive an expansion of the Green function for each of the six cases. (The detailed conditions
for the validity of the expansion to order k" are given by (5.29) and (6.3)).

In section 2 we review the expression of the Green function derived in [2], and make a
comment on its application to the Schrodinger equation. In section 3, we explain the method
of [3] with explicit calculations. Using this, we derive the expressions for the expansion of the
Green function in sections 4 and 5. The remainder term is studied in section 6. In section 7,
we discuss the special case where Vs(x) tends to 0 at both x — +00 and x — —oo. Examples
of calculations are given in section 8.

2. Reflection coefficients and the Green function

Let Gs(x, y; k) denote the Green function? for the Schrédinger equation (1.1), satisfying

2
8——Vs(x)+k2 Gs(x,y; k) =08(x —y) (2.1)
0x2

with the boundary conditions Gs(x, y; k) — Oas |[x — y| — oo forImk > 0. For Imk = 0,
we define® Gg(x, y; k) = lim o Gs(x, y; k +1i€). Since Gs(x, y; k) = Gs(y, x; k), without
loss of generality we assume x > y.

In this paper, we use the expression of the Green function in terms of reflection coefficients
for semi-infinite intervals. First, let us define the transmission and reflection coefficients for
finite intervals. For arbitrary a and b (a < b), we define

) V(a) (x <a) ) 1 d
Vix) =1V (@a<x<b) fx) = _Ed_v(x)’ (2.2)
V(b) b < x), .

and consider the Fokker—Planck equation (1.2) with f(x) replaced by f(x). Since f(x) =0
for x < a and x > b, this equation has two solutions of the forms

7 e kx—a) (x <a)

¢1(x) = {eik(xb) + R, eikt—b) (x > b), (2.3a)
eik(x—a) +Rl e—ik(x—a) ()C < a)

hr(x) = {reik(x—b) > b). (2.3b)

This defines the transmission coefficient t, the right reflection coefficient R,, and the left
reflection coefficient R; for the interval (a, b). We write them as t(b, a; k), R, (b, a; k) and

2 The Green function for the Fokker—Planck equation (1.2) is Gg(x, y; k) = e [VO=VOI2Gg(x, y; k). When Vg
does not make sense (see footnote 1), we need to define G first as the Green function for the Fokker—Planck equation,
and then define Gg = elV®—-VI/2Gg,

3 This Gs(k) becomes infinite where k? is an eigenvalue of the Schrodinger operator, and where k corresponds to a
half-bound state. Elsewhere, this definition of G (k) makes sense for real k, even on the continuous spectrum of the
Schrodinger operator.
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R;(b,a; k). The reflection coefficients for semi-infinite intervals are defined as the limit
a — —oo of R, (b, a; k) and the limit b — +o00 of R;(b, a; k). When k is a real number, it
may happen that these limits do not exist. In such cases, we define

R, (b, —00; k) =1lim lim R,(b,a;k +i€), (2.4a)
el0 a—»>—o0
R;(00,a; k) =1lim lim R;(b, a; k +i€). (2.4b)
€0 b—+oo

In appendix G, it is shown that these limits indeed exist.
Let us define

R, (x, —0o0; k) R;(00; x; k)

Sr(x, k) = ; Six, k) = ——————, 2.5
L S 1) = R e ) 2.5)
S(x, k) =S, (x,k)+ S(x, k). (2.6)
Then the Green function can be expressed in terms of this function § as [2]
1 X
Gs(x, y; k) = — ik(x —y) —ik S(z,k)dz|. 2.7
sty 2%JU-nﬂLkHU—SOuM]pr(x » L «0 4 @7

The function S(x, k) can also be expressed in terms of reflection coefficients for the
Schrédinger equation. Let us consider the Schrédinger equation with the truncated potential
which is set to be zero outside the interval (a, b)

a2 0 (x <a)
—@lﬂ(x) + Vs)Y (x) = K (x), Vs(x) = { Vs(x) (a<x<D) (2.8)
0 (b < x).

This equation has two solutions of the forms

‘L’S e—ik(x—a) eik()c—a) + Rls e—ik(x—a) (x < a)

Vi) =1 ik R} gt=h) vt = {TS efkx=b) (x > b). @9)

The transmission coefficient 75 (b, a; k) and the reflection coefficients RrS (b,a; k), RlS (b,a; k)
are thus defined for the Schrodinger equation. We define RS and RlS for semi-infinite intervals
in the same way as (2.4). It can be shown that S, and S; defined by (2.5) are expressed in
terms of RS and R? as

R3(x,—00)  f(x)
1+RS(x, —00)  2ik

R} (00, x) G

Sr 7k = "
x. %) 1+ R(00,x) | 2ik

Si(x, k) = (2.10)

(See appendix A for a proof.) The f(x) in (2.10) cancels out when we substitute (2.10) into
(2.6), and so S takes the same form as the expression in terms of R, and R;

RS(x, —00) R} (00, x)
1+ R (x,—00) 1+ R5(00,x)

S(x, k) = 2.11)

(Incidentally, note that the right-hand side of (2.11) can also be written in terms of the Weyl—
Titchmarsh m-function.)

4
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3. Formulae for generalized reflection coefficients

Let us first make some definition. We define, forn = 1,2,3,...and —oo < a < b < +00,

[01,02,.,,70,1]25[-.. dzl---dznexp[ZajV(zj):|, 3.1)

a<a <o < <a<h o

. . b b b b
where each o is either +1 or —1. The integrals mean [’ dz; le dz, sz dzz - - fZH dz,. When
V| = lim,_,_o V (x) is finite, we use the notation*

(=Log,...,o" o =[=1,00,...,000" . —e ' [+1,00, ..., 001"
=26_V1/~-/ dz; -+~ dz, sinh[Vy — V(z1)]
—00L IS <K, <D
X exp ZajV(zj) . (3.2a)

=2

For n = 1, this means (1] = 2e™" ffoo sinh[V] — V(z)]dz. Similarly, when V, =
lim,_, 100 V (x) is finite,

(01, Ouet, =D =01, ooy 001, =11 — e 2201, ..., 0y, +1]°
_ eV / / dz; - -dzy sinh[Va — V (2]
a<z1<22 < <2, <00
n—1
X exp ZGjV(Zj):| . (3.2b)
j=1

The conditions for the existence of these integrals will be discussed later.
In the formalism of [3], we deal with the generalized scattering coefficients, which are
defined with an additional variable W as

R (x,y; k) —&(x, W)

R.(x,y; W;k) = . WR oy k)’ (3.3a)
5 Wb — , E(x, W)T2(x, y; k)
Ri(x,y; W; k) = Ri(x, y; k) + e MR (royi B (3.3b)
_ Cwe - Y@ W)T(x, yi k)
T = G WR Ly ) (339
where
£(x, W) = tanh w y(x, W) = /1 — &2 = sech w (3.4)

The original scattering coefficients R,, R, and t are recovered from R,, R; and T by setting
W = V(x). We define the operator £, which acts on functions of x and W, as

Lg(x, W) = 2/

—00

X

(cosh[W — V(z)] + sinh[W — V(z)]%) g(z, W)dz. 3.5

The low-energy expansion of R, for semi-infinite intervals was studied in [3]. According
to the formulae derived there, we have
R.(x, —00; W; k) = Fo +ikF| + (ik)*Fy + - - - + (k)Y Fy + P, (3.6)

4 The relation with the notation used in [3] is e"1 (—1, .. .]'ioc =(&,.. .]}100.
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where’

— V(=

7y = —tanh 2 — V(5 (.7)

2

Fa(x, W) = L'[Fo + E(x, W)] (n>1)), (3.8)
2, Wik) _

o = (i) V! / PO g @i dz, (3.9)

PN e L= R,z Wik) M

_ d _ - 1+ Ri(x,z; W k)

"(x, W) = —F,(x, W), A=V 1 = . 3.10

P, W) = o (x, W) Ol R w10

The integer N > O is arbitrary as long as 7y, . .., 7y are finite. Let us derive the expressions
for 7, and py in terms of the integrals defined by (3.1) and (3.2). We consider the three cases,
(a) V(—o00) = Vi (finite), (b) V(—o0) = +oo and (¢) V (—o0) = —oo. We let the superscripts
a, b and c stand for the cases (a), (b) and (c), respectively.

(a) V(—o00) = V.
In this case we have
R, =fg+ikf{‘+(ik)zf§’+-~+(ik)Nf,‘f,+,Z)j‘{,, (3.11)

W—V
7§ = —tanh —— L (3.12)

We can calculate 7 by substituting (3.12) into (3.8). The details of the calculation are
given in appendix B. As a result, we obtain, forn > 1,

R W)= Y Dogo (W)=Lop,0s, .. 00 . (3.13)

{o1,00000-1}

where Z{m,...,a,,_l} = Zm::ﬁ:l Zazzzl:l T ZO'”_]=:|:1’ and

oo n—1
Dm """ - (W) =2 Z(_l)m+lmp(gﬂ) - e(l—m)Vl e(m—A)W’ A= Zai? (314)
i=1

m=1
n—1 j
P o = [(m - Zm)(—a,)}. (3.15)
j=1 i=1

Substituting (3.13) into (3.9), the expression for the remainder term is obtained as

X f2
py = 2> Z / dz (—1,01,09,...,08_1) eV
{o1 -

— 2
..... O'N} 1 Rl
> 1+R\""
m m —m m— [
x Z(—l) +1mP(£1,-)--,GN e(1 Wi e( AV (2) <1 - Rl> ) (3.16)
m=1
(Here A = YN 0;) In (3.16), 7 and R, stand for #(x, z; W; k) and R;(x,z; W; k),
respectively. (If N = 0, the expression (—1, ..., oy_1]° 4 €Y@ in (3.16) is replaced

5 For real k, the integral in (3.9) should be understood as lim, o limy ., f; with k replaced by k + i€ in the
integrand, if necessary.

6
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by 2=V sinh[V; — V(z)]. Then A = 0 and P = 1.) For each N, the right-hand
side of (3.16) can be written in a compact form without the infinite sum over m (see
appendix B). For example, defining ¢ = tanh{[V, — V (2)]/2}, we can write p§ and p{ as

» 2"‘fx ¢t? q
=2i —dz,
Po e I—CRYE

v [T (1 —¢H(A+¢R)T? i
= (2ik)“e /_OO 1tk (—11* o dz

Equation (3.11) makes sense if and only if 7§, 7{, ..., 7y all exist as finite quantities.
(By construction, the remainder term py, is automatically finite if all 77 are finite, since
R, itself is finite.) Since 7 (n > 1) has the form of (3.13), it is necessary that V (x) tend
to V; fast enough, for otherw1se the integrals defined by (3.2) do not exist. We can show
that 7 is finite if V -V, € F, - 1 (see appendix C). Therefore, 77, 7{, ..., Fy, are all finite,

(3.17)

and hence the expression (3.11) makes sense, if V — V; € F 15,71.
(b) V(—00) = +00.
Next, we consider the case V(—00) = +00. We write
R, = 7Y +ikFl + (k)7 + - - - + (i)NFY + pb. (3.18)
Unlike (3.12), the first term rO, which is obtained from (3.7), is independent of W
Fo=1. (3.19)
The higher order coefficients are obtained by substituting (3.19) into (3.8). The calculation

is easier in this case (see appendix B), and we obtain

Fo(x, W) = Z 2P e[ 101,00, ..., 0011 o (3.20)

01,02,...,0p—1
----- Op—1}

2
pr = 2N Z / dZI_Rz[ 1,601,062, ..., oy 1] eV @

{o1,.00s

—A
I+R
xPD U= MVE (ﬁ) _ (3.21)
—

(As before, A = Y '~ 1 0; in (3.20) and A = Z,N=1 o; in (3.21).)
For (3.20) to exist as a finite quantity, it is necessary that e~"® tend to 0 fast enough
as x — —oo. It can be shown that 7 is finite if e € F,~ ) 1 (see appendix C). So the

expression (3.18) makes sense ife™" € F 1&7_—)1

(c) V(—00) = —00.

The expressions for the case V (—00) = —oo can be obtained in the same way. We have
R, = 7§ +ikFS + QK75 + - - - + (VPG + ply, Fs=—1, (3.22)
Feewy=— > 2P eVl —o1 —0p, . —ou . (323)

{o1,.00s On—1}
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4. The low-energy expansion of S,

The function S, defined by (2.5) can be extracted from R, as

5.(x,8) = lim E4R o B W+ R (G, —00 Wi k) “.1)
P - gz W——o0 1—[£(x, W)]? ' '
Since £(x, W) ~ —1 + 2eW’V(X) and 1 — [E(x, W)]? ~ 4e" V™ as eV — 0, we may write
Sy, k) — 4 =1 lim e "*VO[—1+R,(x, —00; W; k)] 4.2)
W——o0

(We have moved the % to the left-hand side for convenience.) As in the last section, we

consider the three cases (a), (b) and (¢).

(@) V(—o0) =

Substituting (3.11) into (4.2), we obtain

Sy (x, k) — 3 = af +ika} + (ik)’ay + - + (i) ay + 55%, 4.3)
ag =g Jim e VO (1), a, =; Jim e "R (n=1, (4.4)
Oy =g Jim eV, (4.5)

From (3.12) and the first equation of (4.4), we have
aj(x) =—1eV1e"W. (4.6a)

For n > 1, we obtain a,lf by substituting (3.13) into the second equation of (4.4). We can
see from (3.15) that P{™ = 0ifm < A. Som — A > 1in (3.14). Taking the limit

W — —oo of e”"7¢ amounts to picking out the terms with m = A + 1. This gives

DA+ - . X
an(x)= Y P e M Lo oo T e (46D)
{o1,ees0n-1}

The explicit expressions for the first few n are

ay() =—ze"e" af () = (-1 e ) =T (=41 eV,
ay (x) = { T = (T e,

ay(x) = {127V (—++ 4" — 267V {—+ —+]"  — 667V (— —++]" J e, 4.7)
af(x) = {60V (—++++41"  — 6V (—++ —+]"  — 18PV (—+ — ++]"

—36e” 2V‘(——+++]{Oo+2(——+—+]{Oo+6(___++]ioo}ev(x)’

where we have used the shorthand notation (—]* _, (—+]* o, etc for (—=1]* , (=1, +1]*
etc.
Obviously |aR| < co'if V — Vi € F.7}. (This is the same as the condition for |7¢| < 0o

discussed in the previous section.) So, equation (4.3) makes sense if V. — V; € F 1&,_1.

(b) V(—00) = +o0.
In this case, we substitute (3.18) into (4.2). This leads us to consider the limits

bR =1 1lim e VW (F — 1), PR=1 lim e W*VW5b n>1, 4.8

0 4 W— —o0 ( 0 ) n 4 W——o0 n ( - ) ( )

SR/ =1 lim e WVWph 4.9
W——o0
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From (3.19) and (4.8), we have bg = 0. Forn > 1, we can see that only the terms with A = 0
in (3.20) survive in the limit of (4.8). Since A is an odd number for even n, it follows that
bR = 0 for any even n. So, in this case we have the expression

Sy (x, k) — 3 = ikbY + (k)b + (k)3BS + - -+ + (MDY, + 808 (4.10)

which has only odd powers of k. Since 8°R, = (ik)"bR + 5%, we have 82R = PR | for even n.
The coefficients bX are easily obtained as

01,02,...,0p—1

1
bR (x) = 3 P [—1,01,00,...,00 11 "™, 4.11)

{01,001}

where the sum is taken with the constraint A = Z;:ll o; = 0. Using the shorthand notation

[—1* . ete for [—1]° , etc, we can explicitly write, for the first few n,

i) = 51T’ R =~ =41 e,

bR (x) = {6[— — — ++]" o, +2[— —+ —+]" } '@,

fz( =1l Pl Fa 4.12)

b7(x)=—{72[————+++]’joo+36[———+—++]’ioo+12[———++—+]’jOO
+12[— — 4 — — 4] A —+— =] f eV

Note that (4.12) can be formally obtained from (4.7) by letting V| — +oo and (—---1*  —
[— P

It is obvious that |b,‘f| < 0ife’ € F;:)l, which is the same as the condition for
|72| < oo studied in the previous section. Therefore, (4.10) makes sense if e™" € ES).

(c) V(—00) = —00.
In this case, we cannot obtain the expansion of S, — % by substituting (3.22) into (4.2), since

. _ . . . -1 . .
limy s e’W(rg — 1) is not finite. Instead, the expansion of (S, — %) can be obtained in
the same way as in case (b). As shown in appendix D, we have

[S,(x, k) — 17" = 4[ikBR + (ik)*BR + (ik)°BR + - - + ()M B, +85R ], (4.13)

where BR and 5% are the quantities obtained form bR and 8% by changing the sign of the
potential V. Namely,

- 1
BR(x) = 3 DY A NN €5 HE N PRI ) AN (4.14)
{o1,.0es ou_1}
AZ0
or, explicitly, bR (x) = [+, eV @, bR (x) = —[++ =], e™®, etc. From (4.13), the

expansion of S, — % is obtained as

1 o . ) .
S, (x, k) — 3= ()~ YR kYR + GRS yR 4+ MR+ (4.15)
L N SO R LIRS BE], e, (@16)
B 4(BR)? a(BRy’

Obviously ¥R = 0 and sYR = 83{51 for even n.
We know that |[BR| < coife” € F._). (This is obtained from the condition for |bR| < 0o
by changing the sign of V.) Since y} is expressed in terms of l;}fi with m < n + 2, we can see

that |yR| < coife” € F\,}, and hence that (4.15) makes sense if e¥ € F3,),.
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The expressions for S; can be obtained in the parallel way. We consider the three cases,
where V (+00) is finite (= V5), +00 or —o0. The results are as follows:

(@) If V (+00) = Vs,

1
Site, k) = 5 = af +ikay + (ik)*as + - - - + (ik)Naly + 85, (4.17)
1
af(x) = -5 e V2eV ™, (4.18a)
-DAA+1
ay(x)= Y. L;)Péf;{)___’%] e Moy 1, ... 0001, 1), (4.18D)

{1, s0u-1}

(b) If V(+00) = +o0,

1
S(x, k) — 5= ikbY + (ik)* DY + (ik)°bE + - - - + (k)M b, + 85, (4.19)
1
bi(x) =5 > P lou o0, =10 (4.20)
{01,)&-,:0371}

(c) If V(4+00) = —o0,

17! . . . . ;
[s, (x, k) — E} = 4[ikby} + (ik)*BY + (ik)°D5 + - - + ()M By, + 8544 4.21)
1
Site, k) — 5 = ()~ Hikyl + GO pE o GO YL 8L (4.22)
8 1
bh(x) = 3 P o [=Outs.e, =00, —0p, +1] eV (4.23)
{o1,....00-1}

5. Low-energy expansion of the Green function

The expansion of the function S (equation (2.6)) is obtained by adding the expressions for S,
(equation (4.3), (4.10) or (4.15)) and S; ((4.17), (4.19) or (4.22)). We can derive the expansion
of Gg by substituting this into (2.7). We study the six cases listed in the introduction.

Case (i): V(—o0) = Vi, V(+00) = V5.
Adding (4.3) and (4.17) together, we obtain the expansion of § — 1 as
S — 1= s +iksy + (ik)2s2 + -+ - + (ik)Vsy + 8y, 5.1
s, =aX +ak, Sy = 848 + 845 (5.2)
Substituting (5.1) into (2.7) we can derive the expansion
Gs(x, yi k) = (k) 'g-1 + go +ikgy + (k)’ga + -~ + (k)Y gn + Ay, (5.3)

10



J. Phys. A: Math. Theor. 41 (2008) 315304 T Miyazawa

T 25 I T 20 ) 0T T '

where we have defined

gn(x,y) = _/ sp—1(z) dz. (5.5)
y

(The remainder term A will be discussed in the following section.) From (4.6), (4.18), (5.2)
and (5.4), we obtain the explicit expressions for g_; and g,

e IV+V 12

g1 = , (5.6a)

e Vi+e
e Vx)+V(nI/2 { 1
(

2 e~ "1 +e12)2

g0 = (T + [+ (e + [)) + [+];} . (5.6b)

which are the same as the expressions derived in [17] by a different method.
Case (ii): V(—o00) = Vi, V(+o0) = +00.

In this case, the expansion of S — 1 has the same form as (5.1), with

Sp = aX + bk, 8y = 8R4 8L, (5.7)

Since b}f = 0and SﬁR = 8551 for even n, equations (5.7) read s, = a}f and §, = (SﬁR + 85&1 for
even n. The expansion of Gg, too, has the same form as (5.3) with (5.4). Substituting (4.6)
and (4.20), we obtain

gy = e V@OVOI2 N (5.8a)
e V@von2 .
fo=—">5—— {e (T # I+ (e + 1) + [+]’;}. (5.8D)

Formally, (5.8) can also be obtained from (5.6) by letting V, — oo and [—)3° — [—]5°.
Case (iii): V(—o00) = Vi, V(+00) = —00.

When V(+00) = —o0, the expansion of § — 1, which is obtained from (4.3) and (4.22),
contains a term of order 1/k

S — 1 = (ik)"'s_y +s0 +iksy +- -+ (ik)Vsy + 8y, (5.9)
s_1=v5, s, =a)+yk (n>=0), 8y = 8R4+ 57k (5.10)

When n is even, s, = aX since ¥ = 0. Corresponding to (5.9), the expansion of G lacks the

term of order 1/k which was present in (5.3)
Gs(x, y; k) = go +ikg) + (ik)>gr + - - + (i) gy + Ay, (5.11)

0= —explgo(x, )] so(x) S0y > etc
0 251 (0)s_1(y) 25 q(x)  251(y) > '

where o and g, are defined by (5.5). For n = —1 and 0, we have s_;(x) = "™ /(2[+]%°)

g1 = <611(X, y) - (5.12)

and so(x) = —e"®~V1 /2. Note that %[+]§° = —e" @, Therefore,
explgo(x, y)] = exp [l /x (i log[+]°°> dz] = @. (5.13)
2J, \dz : [+15°

11
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Also using g1 (x, y) = — f; so(z)dz = % eV [+]}, from (5.12) we obtain

go = —e V@[ 00 g1 = —e V@HVON2 -V [+ [+ (5.14)

Case (iv): V(—00) = +00, V(+00) = +00.

When both V (00) are +00, the expansion of S — 1 has only odd powers of k
S — 1 =iksy + (ik)>s3 + (i) ss + - - - + GO M sopre1 + Sanrars (5.15)
5, = bR + bk, 8p = 8PR 4+ 80L, (5.16)

(Note that s, = 0 and 8, = §,—; for any even n.) The corresponding expression for G begins
with the term of order 1/k2, and has only even powers of k

Gs(x, y; k) = (k) 2g_o + go + (k)% g2 + (k) ga + - - + (1K)*M gops + Ao, (5.17)
-1 53(x) s3(y) )

= - LY — — — 2 ) e, ete. 5.18

g2=3 0 80 (qz(x y) 3@ 25100 g2, efc (5.18)

(In deriving (5.18) we choose the branch of the square root in (2.7) so that +/—k? = —ik.) For
n = 1 and n = 3, the first equation of (5.16) reads

si(x) = 3 e/ I[=]% s3x) = =" ([— —+]"  + [+ — —1). (5.19)

—00?

(Note that [—]*  + [—]° = [—]%,,.) Hence ¢2(x,y) = —%[+]’y‘,[—]i°oo. Substituting these
expressions into (5.18) yields

1

g = —e V@2 T (5.20a)

go=e [V I2 (_ S [_2_ ot - il + ﬁ) . (5.20p)
(-1%%) 2

Case (v): V(—00) = 400, V(+00) = —00.

In this case, too, the expansion of S — 1 has only odd powers of k, but now the series begins
with the term of order 1/k

S — 1= (k)" s_y +iksy + (k)3 sz + - + ()M sop001 + Somsats (5.21)
so1=ph, so =bR+yl (>0, 8y = 8IR + 87k (5.22)

(For even n, we have s, = 0 and 8, = §,—;.) Correspondingly, the expansion of Gg begins
with the term of order £°

Gs(x, y; k) = go+ (k)2 g2 + (ik)* g4 + - - - + (1k)*M gops + Aoy, (5.23)
—explgo(x, y)] ( s1(x) s1(y) )

— Ao M - ) — _ , ) 5.24

O S ) N T R THTO ) A

We have s_; (x) = '@ /(2[+]%) and 5, (x) = '@ {[— ++1°/([+1°)” + }[-1* .} Since
s_1 is the same as in case (iii), obviously gy is the same as (5.14), i.e.,

g = _e—[V(X)+V(y‘)]/2[+];0' (5.25a)

12
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To calculate g,, we use f}x eVO{[—+ +]§°/([+]?°)2} dz = [7[—+ +]°°i(1/[+]§’°) dz and

) z d
integrate by parts. Substituting this and s_j, s; into the second equation of (25.24) gives
go = e VEOVONRI(T 14120 + [~ 1o [+ + [—+1}) [+]° + 2[— + +13°}. (5.25b)
Case (vi): V(—00) = —00, V (+00) = —o0.

In this case, the expansion of S — 1 has the same form as (5.21), where

sp = yR+yk, 8 = 8YR 4+ 87k, (5.26)
(As before, s, = 0 and §,, = 6, for even n.) The expansion of Gg is given by the same
expression as (5.23) with (5.24). Substituting s_;(x) = e [+]>_ /(2[+]* o [+]3°) and

explgo(x, y)] = \/[+]y_oo[+]§°/ ([+]% o [+]3°), we obtain

i [F o [+15°
e vervonl ][+To£ I; (5.27)
—00
(The expression for g, does not become simpler than (5.24) in this case.)

80 =

Now we have derived the expansion of Gg for each of the six cases. To summarize, the
expansion has the form of (5.3) (in cases (i) and (ii)), (5.11) (in case (iii)), (5.17) (in case (iv))
or (5.23) (in cases (v) and (vi)). These expressions make sense if and only if |g,| < oo for any
n < N (N =2M for (5.17) and (5.23)). The remainder term Ay is finite if all g, are finite.
As mentioned in the previous section, we know that

lag| < oo if V-V, e FO), lay| < oo if V-VeFY,
|b§| <oo if eVe Frf:)l, |b,];’ <oo if eVe F,fi)l, (5.28)
Pl <oo if o £l vt <oo it o e FL

From (5.28), we can derive the sufficient conditions for [gy| < co. These conditions are also
sufficient for |g,| < oo (n < N). As aresult, we find that

in case (i), equation (5.3) makes sense if V — V| € F ]if) andV -V, e F ]f,”,

in case (ii), equation (5.3) makes sense if V — V| € F 1(() ande ™V e F ]i,” R

in case (iii), equation (5.11) makes sense if V. — V; € FIi/:)2 ande’ € Flf;r), (5.29)
in case (iv) equation (5.17) makes sense ife™" € F2(;,1)+2 ande™V ¢ Fz(;l) s .
in case (v), equation (5.23) makes sense if e™" € F,,) , ande” € F}}),

in case (vi), equation (5.23) makes sense if ¢V € F.,, ande" € Fy1).

(The conditions involving F* with n < 0 are interpreted as automatically satisfied.)

6. Behaviorof Ay ask — 0

The expansion of G to order k¥ is meaningful as a low-energy expansion only if the remainder
term satisfies Ay = o(k") as k — 0. In this section, we study the conditions for this to hold.
Substituting the expansion of S — 1 into (2.7), we can easily see that

in cases (i) and (ii), Ap_y =o(™™ Y if 8, =ok™ (n>=0), (6.1a)
in cases (iii), (v) and (vi), Apsr = oK™y if 8, = o(k") (n = —1), (6.1b)
in case (iv), Ap_z =o(k"3) if 8, =ok™ (n=>1). (6.1¢)
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(We have used the fact that the integral in (2.7) and the limit k — 0 are interchangeable, as
can be easily shown.) By definition, §, is equal to (i) (SzR + 8,‘;1‘, (i) SgR + (SSL, (iii) SZR +8) L,

(iv) 8ER + 8L, (v) 8PR + Y™ or (vi) 878 + 81", according to the six cases. So, the behavior of
Ay as k — 0 can be known from the behavior of 878, §/R  etc.

The small-k behavior of SgR, SsR, etc can be stundi;:dnus’ing (3.16) and (3.21). The detailed
analysis is given in appendix E. The result is
SR =o(k™y if V-V, eF), 8L = o(k™) if V-V,eFY, (6.2a)
SR =o(k™ if eV e F), 8P = o(k™) it eV eFY, (6.2b)
7% = o™y if & e F, N = o™y if e e FM. (6.2¢)

(Here n > 0. For n = 0, the conditions involving Fn(f)l should be interpreted as automatically
satisfied.) From (6.1) and (6.2), we can conclude that

in case (i), Ay =o(kY) if V-V, e Flf,_) and V-V, e FIE,J') (N = -1),
incase (i), Ay =ok") if V-V, ¢ F,i,_) and eV e FIE,+) (N 2>
incase (ili), Ay =o(k") if V-VieFy), and e €F (N>0),
incase (iv), Ay =ok") if eV eFy), and eV € Fy, (N>-2),
incase (v), Ay=o(") if eV eF), and e € F) (N>0),
incase (vi), Ay=o(") if ¢ eF,’ and e eF (N>0).

The conditions in (6.3) are exactly the same as the conditions in (5.29) (where N = 2M for
cases (vi), (v), (vi)). Therefore, the expansion to order k" makes sense and is valid as an
asymptotic expansion if these conditions are satisfied.

The marginal cases for the conditions of (6.3) are V(z) ~ A + 8/|z|* (where «, B are
constants, and A = V; or V,) and V(z) ~ «log|z| as z — —oo or +00. These cases
correspond to Vs(z) ~ C/|z|>** and Vs(z) ~ I(I +1)/|z|> with [ = a/2, respectively. Let «
be a non-integer such that 0 < n < o < n + 1. Then, as shown in appendix E,

(6.3)

SR~ Ck* (k—0) if V() ~Vi+ % (z = —00), (6.4a)
Z o
SR~ Ck* (k= 0) if V() ~aloglz] (z— —o0), (6.4b)

and similarly for SzL and 8,’;L (where C is a certain constant). The behavior of Ay for the
marginal cases can be easily known from (6.4) (and the corresponding expressions for 5~ and
8PL). For example, if V —V; € Fli,:)l and V(z) ~alogzasz — +cowith N+1 <a < N+2,
then Ay ~ Ck* ' as k — 0 (see example 5 of section 8).

7. Schrodinger equation with a potential vanishing at + — o0

Suppose that Vg(x) is given, and that f (x) and V (x) are yet unknown. Let 1/(x) be a solution
of (1.1) with k = 0. Then a function f satisfying (1.4) is obtained from v as

d
S =4 log Yo (x). (7.1

x
The Schrodinger equation (1.1) is equivalent to the Fokker—Planck equation (1.2) with (7.1),
where ¢ is related to ¥ by ¢(x) = ¥o(x)¥(x). The Fokker—Planck potential is expressed

14
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in terms of ¥y as V(x) = —2log ¥o(x). (In order to make V (x) finite for any finite x, the
function ¥y needs to satisfy y(x) > O for any finite x.) A given Schrodinger equation can be
thus transformed into a Fokker—Planck equation.

In our formalism, Vs(x) need not be zero (or even finite) as x — £oo. But here we study
a particular feature of the case where Vg(x) tends to zero at both x — +ooc and x — —o0.
For simplicity, we assume that there are no bound states.

Now we assume Vs(+00) = 0. Let v/ (x) and v/, (x) denote the solutions of (1.1) with
k = 0, such that /§ (x) = 1 asx — +oo and ¥, (x) — 1 as x - —oo. We define

d
Vi(x) = —2log ¥ (x), frlx) = o log ¥ (x). (7.2)

Obviously, V,(x) — 0 asx — +oo and V_(x) - O asx — —oo. If ¥ and v, are
linearly independent, then f. # f_. By using f, or f_ in (1.2) in place of f, we have
two different Fokker—Planck equations equivalent to (1.1). (As a matter of fact, we can take
any linear combination of ¥ and v, so there are an infinite number of equivalent Fokker—
Planck equations.) If 1§ and v, are linearly dependent, then f, = f_. In the conventional
terminology of scattering theory, the cases f, # f_ and f. = f_ are referred to as ‘generic
and ‘exceptional’, respectively. In the exceptional case, V_(x) (= V,(x) + constant) is finite
at both x — 400 and x — —oo. Thus, the exceptional case corresponds to case (i) in our
classification in section 5. In the generic case, on the other hand, V_(x) and V,(x) tend
to —oo as x — +oo and x — —o0, respectively. So, the generic case is included in our
case (iii).

There is no particular difficulty in dealing with the exceptional case by our method; we can
directly use the results of section 5 for case (i). On the contrary, special care is needed for the
generic case. In the generic case, ¥, (x) grows linearly, and so V_(x) diverges logarithmically,
as x — +o0o. We can see that '~ ¢ F* since "~ behaves like 1/x% as x — +00. The
criterion (6.3) for case (iii) indicates that the expansion to order k¥ may not be valid for N > 1
if we use V_ in place of V. (The situation is the same for V,, since e"* ¢ F 1(7).) Fortunately,
we can avoid this difficulty by using both V, and V_, as explained below. The idea is to use
V_ for S,, and V., for §;.

The relations (2.10) hold for both V, and V_, so

R o fe f- RS fi f-
B iy Y R LA 7.3
T+ RS Tk T ik 1+R T2k T T 2ik 73
Here S} and SZjE denote S, and S; with V. in place of V. From (2.11) and (7.3) we have
1
S(x, k) = ﬁ[f—(X) — fr(O)]+ 87 (x, k) + S/ (x, k). (7.4)
The expansion of § — 1 takes the form of (5.9), where, instead of (5.10),
sa =3l = W], si=ai+at 20, Sy =8F +&%, (79
where a®~ and al* are defined by (4.6) and (4.18) with V_ and V,, respectively, in place
of V (similarly for 8% and 85%*). In particular, sp = —3@"" +e%™). (Note that
Vi = V_(—00) =0and V, = V,(+00) = 0.) Substituting (7.5) into (5.12) gives
—exp{[V_(x) — Vi(x) — V_(y) + V. (y)]/4}
g = ; (7.6a)
VI = O~ O) = fr()]
1 x Vo) 4 eVel®) Vo) 4 %O
P [/ €@ 1 %) dz 4 & ¢ .= © ]go (7.6b)
21y f-) = frlx) () = f+ ()

The higher order coefficients can be calculated without any difficulty by using (7.5). Now
(5.11) makes sense, and Ay = o(kV) ask — 0,if V_ € F}(jz and V, € Fﬁlz.
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(b)

Figure 1. The Green function Gs(x, y; k) for the potential V (z) = z> (example 1), (a) plotted
as a function of k, with x = 1.2,y = 1; (b) plotted as a function of x, with k = 1,y = 0
(here Gs is real). In all the graphs, solid lines are the exact values. Here the dashed lines show
fo:_l(ik)ngz,,,. (N=2M = —2,0,21in (a),and N = —2, 0 in (b).) In (a), the curve labeled
as ‘N = 2 (modified)’ is the plot of (8.2).

8. Examples

To demonstrate the calculation of the expansion, let us consider some simple potentials for
which the exact form of the Green function is available. (For examples 1-4, the expressions
for the exact Green function can be found in section 11 of [4]. Note that G = 2ikGg in [4].)
In all the graphs, k is taken to be a real number (k > 0).

Example 1.
V() =2, Vs(z) =22 — L.

The first example is a parabolic potential. The corresponding Vs is also parabolic. From
(5.16), (4.11) and (4.20), we obtain the first two coefficients of (5.15) as

o0 o0
51(x) = g e*, s3(x) = —% e’ [ / e (erfc 7)2dz + / e (erfc z)zdzi| . 8.1
X —X
and from (5.5) we have g¢»(x,y) = (w/4)(erfiy — erfix). (Here erffcz = 1 —erfz =
(2/4/7) ffo e dw, and erfiz = —ierf (iz).) The expansion of the Green function has the
form of (5.17), where g_, and g, are obtained by substituting the above expressions into
(5.18). The approximation to this order, Gs =~ (ik) 2g_, + go, is plotted in figure 1 along
with the exact value. (The exact expression of the Green function is given by equation (11.6)
of [4]. Note that this G takes a real value when £ is real.) Higher order coefficients of the
expansion of Gg can be obtained in the same way. Although we omit here the expressions for
s5 and g5, the result of the calculation up to order k? is also shown in figure 1(a).
The exact Gg(k) has poles at k = +V2n (n = 0,1,2,...), corresponding to the
eigenvalues of the Schrodinger operator (k> = 2n). From the information of gy and g,
we can approximately reproduce the poles nearest to the origin as

~ ! 82+ Sl
C (k)27 1= (ik)%(g2/80)
This is a better approximation than Gs =~ (ik)~2g_, + go + (ik)? g (see figure 1(a)).

Gs (8.2)

16
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Figure 2. The real and imaginary parts of Gs(x, y; k) for the potential V(z) = 2logcoshz
(example 2), plotted as functions of k, with x = 2 and y = 0. The dashed lines show
ZZ’:_I (ik)?" gopm. (N = 2M = —2,0,2.) The dotted lines are the result of the high-energy
approximation (see [4]) obtained by expanding log Gs in powers of 1/k to order 1/k2. (Fork > 1,
the curves of the high-energy approximation almost coincide with the exact curves.)
Example 2.

V(z) = 2logcoshz, Vs(z) = 1 — 2sech’z.

In this example, V (z) diverges to +oo and Vs(z) tends to 1 as z — £00. As in the previous
example, the expansion of Gg has the form of (5.17). From (5.16), (4.11) and (4.20), we can
easily calculate

s1(x) = cosh® x, s3(x) = —% cosh 2x cosh? x, (8.3)

and g>(x, y) = 3(y —x) + 3(sinh 2y — sinh 2x). By substituting them into (5.18), we obtain
g-» and go. The higher order coefficients can be similarly calculated. The results are shown
in figure 2. (For the expression of the exact G, see equation (11.15) of [4].)

This G has branch point singularities at k = £1, and ImGs = O for |k|] < 1. The
series Y o>, (ik)*" ga,, is convergent for [k| < 1. For |k| > 1, we can use the high-energy
expansion (discussed in [4]) to calculate Gg with very good precision (see figure 2).

Example 3.
V(z) = ¢, Vs(z) = e — 3¢

This exponential potential belongs to case (ii) of section 5. The expansions of S and Gg have
the form of (5.1) and (5.3), respectively. From (5.7), (4.6) and (4.20) we have

s0(z) = ! exp(e), s1(z) = ! exp(e®)[Ei(—e®) + 2Shi(e)],
2 2 (8.4)
$2(2) = —2exp(ez)/v exp(e”)Shi(e") dw,

and so on, where Ei and Shi denote the exponential integral function and the hyperbolic
integral function, respectively. (Ei(z) = — f:’(l /t)e™"dr, Shi(z) = f;(1/t)sinhzdr.) We
obtain g_, go, etc by substituting (8.4) into (5.4), etc. The results of the calculation to order
k? are shown in figure 3. (See equation (11.12) of [4] for the exact form of Gs.)

With fixed y and &, the function Gg(x, y; k) rapidly falls off to zero as x — +oo, and
oscillates as x — —oo (recall that Gg(x, y) = Gs(y, x). Since we have been assuming
y < x, the Green function for x < y is Gg(y, x) with our expressions.) As can be seen from
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Figure 3. The real and imaginary parts of Gg(x, y; k) for the potential V(z) = e° (example 3),
(a) plotted as functions of k, with x = 0.5 and y = 0; (b) plotted as functions of x, with k = 0.4
and y = 0. The dashed lines show ZN _ (k)" g,, where N = 2in (a) and N = 0, 2in (b). (Since

n=
kisreal, N = 0and N = 2 are the same as N = —1 and N = 1, respectively, for the imaginary
part.) In (c), the same graphs as (b) (Gs(x) with k = 0.4, y = 0) are drawn with a larger scope.
The dashed lines in (c) are the plots of (8.5) with N = 0 and 2. (They are plotted only for x < 0.)

figure 3(b), the truncated series (ik)'g_; + go + - -- + (ik)¥ gy gives a good approximation
of Gg as a function of x for x > y. (In figure 3(), the approximation with N = 2 almost
coincides with the exact value for x > y.) However, this approximation is not effective when
x < yand y —x is large. To cope with the oscillatory behavior of Gs as x — —o0, it is better
to truncate the expansion of log G (rather than Gy itself), and then exponentiate it. Namely,

Gs =~ (ik)~'g_ explikp; + (ik)>pa + - - - + ()N pyail, 8.5)

where {pi, ..., pn+1} can be expressed in terms of {g_y,..., gy} as p1 = go/g-1, P2 =
(g1/g-1) — %(go/g,l)z, etc. As shown in figure 3(c), this gives a good approximation in the
region where —x is large.
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Figure 4. The real and imaginary parts of Gs(x, y; k) for the potential of example 4, plotted as
functions of k, with x = 1 and y = —0.5. The dashed line is the plot of gy + (ik)%g>. The falloff
of |Im Gg| as k — 0 is faster than any power of k.

Example 4.
v YT i < [T HRA=DT @ <0)
I e B I NP (z > 0).

This example belongs to case (v) of section 5. Here V (z) slowly diverges to FFoo as z — =00,
and Vs(z) tends to zero like |z|~'. In this case, it is easier to use (5.25a) and (5.25b) directly
for the calculation of gy and g,. Assuming that y < 0 < x, we obtain

20 = —2exp (1 _ 12” _ 12_y> (1 +vV1+1), (8.64)
gzzgexp (1— ”12” - Vlz_y>[118+37x+2x2—3y
494+ 11x = 39)VT+x +2(1 — (1 + VT +0/T = yl. (8.6b)

As can be seen from figure 4, equation (5.23) with (8.6) gives the correct asymptotic expansion
of the Green function. (The exact Green function is given by equation (11.25) of [4] with the
replacement (x, y) — (—y, —x). The V() in this example is the same as V (—z) in example 7
of [4].) The series (ik)2g_, + go + (ik)?gy + - - - takes a real value when k is real. Although
the exact Gy is not real, the imaginary part of it approaches zero faster than any power of & as
k — 0 (see figure 4). Since Gg(k) is essentially singular at k = 0, the series fo:_l (ik)?" go,
is asymptotic but divergent.

Example 5.

2
V(z) =ab(z — 1)logz, Vs(2) = %9& - D(1/zH) - %S(Z -1,

where o is a positive constant, and 6 denotes the Heaviside step function. (V(z) = 0 for
z < 1.) Since f(z) is discontinuous at z = 1, the Schrodinger potential contains a delta
function at z = 1. Assume that y < 1 < x. From (5.8) we obtain

> 1
g1 =x"92, go=x"%? (1 -y +/ — dz) . 8.7)
1z
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Re Gs ImGs

Figure 5. The real and imaginary parts of Gs(x, y; k) for the potential of example 5 with o = 3/2,
plotted as functions of k, with x = 1.5 and y = 0.8. The difference between the solid and dashed
lines is Ag. Here Ag behaves like k%! = /k as k — 0.

Obviously, g is finite if « > 1 (7" € FO(” ) and infinite if @ < 1 (7 ¢ Fé”). The Green
function for this potential can be exactly obtained as
Vx [Ty (kx) — e’ i J_, (kx)] e kO—D l+a

Gl = i@ e U Loy 2 Y

where J, is the Bessel function. Since J,(z) behaves like z” as z — 0 for non-integer v,
we can see that the asymptotic expansion of (8.8) contains a term proportional to k%!, If
N+1<a < N+2,then Ay ~ Ck*!, as explained in section 6 (see figure 5).

Example 6.

a’ (Izl <D

@)= {o (2 > 1),

where a is a constant. This example is to demonstrate the method discussed in section 7. The
zero-energy wavefunctions wgt for this Vg are

1 Ci— Cyx x < -1
Y, (x) = {coshla(x +1)] Yy (x) = { coshla(x — 1)] (—1l<x<1 (8.9)
Ci+Cyx, 1 (1 <x),

where C; = cosh(2a) — a sinh(2a), C; = a sinh(2a). We obtain V4 and f1 from (7.2). Let
us consider the case —1 < y < x < 1. Substituting the expressions for V. and f into (7.6a)
and (7.6b) yields

_ _cosh[a(x — D] coshla(y + 1)]
0= a sinh(2a) ’ (8.10a)

_ &
2a

cosh[a(x — 1)] . cosh[a(x + 1)] N coshla(y — 1)] N cosh[a(y + 1)]
x coshla(x +1)]  cosh[a(x —1)]  coshla(y +1)] coshla(y — D] | )’

g1 <tanh[a(x + 1)] + tanh[a(x — 1)] — tanh[a(y + 1)] — tanh[a(y — 1)] +

sinh(2a)

(8.10b)
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Figure 6. The real and imaginary parts of Gs(x, y; k) for the potential of example 6 witha = 1,
plotted as functions of k, with x = 0.5 and y = —0.5.

On the other hand, the exact Green function is obtained by a standard method as

[(p —ik) e” ™) + (p +ik) e P V[(p +ik) e P + (p — ik) e?*]
—4p[(p? — k%) sinh(2p) — 2ipk cosh(2p)]

p=+a*—k% (8.11)

k]

Gs(x,y; k) =

It is not difficult to check that (8.10a) and (8.1020) are the correct coefficients of the expansion.
The higher order coefficients can be calculated by using (7.5) (see figure 6).

9. Summary and remarks

The asymptotic expansion of G in powers of k is obtained by substituting the expansion of
S into (2.7). Since S = S, + 5;, we can treat S, and S; separately. When V (—o00) is finite
or +00, the coefficients of the expansion of S, can be obtained in a simple form for arbitrary
order of k (equations (4.3), (4.6), (4.10) and (4.11)). When V (—o0) = —o0, the expansion
of (S, — %)71, instead of S, takes a simple form (equations (4.13) and (4.14)). In a parallel
way, corresponding expressions are obtained for S; (equations (4.17)—(4.23)). The behavior
of the remainder term, and the validity of the asymptotic expansion, can be studied by using
the expressions (3.16) and (3.21). The result is given by (6.3). For the ‘generic’ case with
Vs(x) such that Vg(+00) = Vs(—o0) = 0, we need to use a modified method explained in
section 7. In this case, too, the expansion of S to arbitrary order can be obtained in a simple
form (equations (7.5)).

A different method for the low-energy expansion of Gy is discussed in [17]. The method
of [17], which does not use the reflection coefficients, is more direct than the method of the
present paper. However, the derivation of the expansion in [17] is formal, and does not provide
a way to estimate the remainder term. Practically, the methods of [17] and the present paper
complement each other. It is a future problem to unify these two methods.

Appendix A. Proof of (2.10)

When a = —oo, the definitions for f and Vg (equations (2.2) and (2.8)) read f(x) =
F(@)O(b — x) and Vg(x) = Vs(x)0(b — x), where 0 is the Heaviside step function. So,
F20) + fl(x) = Vs(x) — f(B)S(x — b). (A.1)
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Namely, the Schrodinger potential corresponding to f (equation (1.4) with f — ) differs
from Vg by — f(b)§(x — b). It is an elementary exercise in quantum mechanics to show
that the transmission coefficient for the Schrodinger equation with the delta function potential
—f(b)d(x —b)is Ty = 2ik/[2ik + f ()], and that both the right and left reflection coefficients
are equal to Ry = — f(b)/[2ik + f(b)]. The reflection coefficient for the Fokker—Planck
equation includes the multiple reflections caused by this delta function. We can take the sum
of these multiple reflections as

TZRS (b, —00)
1 — RoRS (b, —00)

(o]
R, (b, —00) = Ry + Ty RS (b, —00) Y [RoR} (b, —00)]" = Ry +
n=0
)+ [2ik — FB)IR (b, —00) A2
© 2ik+ f(O)+ f(O)RY (b, —00) '
From (A.2) we obtain R, /(1 + R,) = Rrs/(l + Rrs) — f/(2ik). The second equation of (2.10)
can be proved in the same way.

Appendix B. Calculation of #¢ and 7%

From (3.12) and (3.4) we have

W -V, w-—-V
1+tanhT(Z)

7o +E(z, W) = —tanh

inh[V, —V W -V, Vi—-V
_ sinhVi = V@1 [y Ly A V@Y B.1)
sinh[W — V(2)] 2
Substituting (B.1) into 7{ = L(Fg + &) gives
X P ) »
ix, W)= 2/ dz—{smh[W - V(z)][ro +£&(z, W)]}
o OW
2/xd inh[V V()]at hW_V1 e (—17* (B.2)
= sin — — tan = - . .
o l ow 2 2cosh” Y1 o
We can express (cosh2 @)71 as an infinite series in powers of e and write
o0
e, W) = 2[2(—1)’"“111 e"'<W—V'>] e (=11 . (B.3)
m=1
Let us define the operators
A 0 R 0
D =e"(1+— @D=e(1-—). B.4
J. e ( aW) , J 7 =e W (B.4)
Then equation (3.5) can be written as
Lg(x, W)=Y f e”VD I Ve(z, W)dz, (B.5)
o=£17"%
where j_(zz,) stands for 7% and j+(2) for o = +1 and 0 = —1, respectively. Substituting (B.3)
into 7y, = E”’lff‘, and using ffoo dze?V@ (.. =(...,0]" ., we obtain (3.13) with
oo
Doy .0, (W) =2V JD - FE TD DN (=)™ me" W (B.6)
m=1
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Since 7@ "V = (=0 )(n — o) ™V it is easy to see that

j—(?nfl e D W P;IW,[) em=MW, B.7)

—ay sl

.... s,, defined by (3.15). Hence we have (3.14). Expressions of 7 and PR without
the infinite sum over m can be obtained by carrying out the calculation using the last expression
of (B.2) instead of (B.3).

For the case V(—00) = +00, we have sinh[W — V (2)][F{ + &(z, W)] = "=V — 1.
Substituting this into 7} = L(7{ + &) (see the first line of (B.2)), we have

_ * 0 _ .
7 :2/ dzm(ew Y@ 1) =2V [-11" .. (B.8)

—00

Hence we obtain

raewy =2 Y g9 . I2-lLoon ... ol (BI)
{01,001}

Equation (3.20) follows from (B.9) and (B.7).

Appendix C. Finiteness of 7#¢ and 7

When V(—oo) = V; is finite, we have e*V@ < C and |sinh[V| — V(2)]| < C|V(z) — Vi|
for —oo < z < x. (Here and hereafter C denotes a constant which may not necessarily be the
same everywhere.) Using these inequalities in (3.2a), we find

(—=1,01,00, ..., 0011 | < c/ V(z) — Vil lz|" ' dz < 00 (C.1)
—00
if V. — Vi € F7). From (C.1) it follows that |7¢| < 0o if V — V; € F_).
Next, let us consider equation (3.20) for the case V(—o0) = +o0o. Let us assume that
P  #0,andlet {pi, ps, ..., pu} be asubset of {I,2,...,n — 1} such that 5, = +1
for each i. Then there exist {g1, g2, ...,qu} € {1,2,...,n — 1} such that o,, = —1 and
qi < pi for each i. (Otherwise P\) =0, as can be easily seen from (3.15).) If —z,,, is
sufficiently large, V(z4,) > V(zp,). So,exp[—V(z4,) + V(2p,)] < C forany z,, < z,, < x.
We also have exp[—V (z)] < C for any z < x. Therefore,
|Po(-11,),,,,0n71 [—1, 01,02,..., O'n_l])i()o’ < C/ e_V(Z)|Z|n—l dZ < 00 (C.z)

o]

ife”V € F7}. From (C.2) it is obvious that |F?| < coife™" € F. ).

Appendix D. Proof of (4.13)

We use the rotation of coordinate axes discussed in section VI of [16]. From equations (D.1)
and (D.2) of [16], we have R, ; _/» = —(R,,O,_ﬂ/z)‘l, where R, g ¢ is defined by (10.2b) of
[16]. When V(—o0) = —o0, the R, (x, —00) corresponds to R, o _r,>. (Note that 0’ = —7 /2
corresponds to V (—o00) = —o00.) Therefore,

1 1—Riox 1N 1—Ronxs

a5, - L) = ot Ko S —>) =22, (®.1)
2 1+ R0, -n/2 2 1+ Ry nnp2

Thus, the expression for (S, — %)_l has the same form as the expression for —4(S, - %) with

6 = & instead of & = 0. As can be seen from (6.1) and (6.3a) of [16], the rotation with angle
6 = m amounts to changing the sign of V and k. Hence we obtain (4.13).
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Appendix E. Estimation of the remainder term

Here we consider 8R and §°R, and prove the first halves of (6.2a) and (6.2b). The conditions
for 8,‘1‘L and Sfl’L can be derived in the same way. Equations (6.2¢) easily follow from (6.2b)
by noting that 83:51 = o(k"™") if 8*R, = o(k™"), and that 8PR is obtained from 8°R by the
replacement V — —V.

Let us first note that 8% = o(k") and R = o(k") hold, respectively, if p¢ = o(k")
and ,b,’; = o(k") hold for W = V(x). We can see this by substituting the expansion of
R, (x, —00; k) with the remainder term (which is obtained by setting W = V(x) in (3.11) or
(3.18)) into the first equation of (2.5). Here we show, more generally, that p? = o(k") and
,Z)f = o(k™) hold for any W under the conditions stated in (6.2).

For k = 0, the scattering coefficients can be exactly obtained. (Although equations (2.3)
hold only for & # 0, we can define the scattering coefficients for k = 0 by taking the limit
k — 0.) We have [16]

W —-V(2)

T(x,z; W; k =0) =sech 5

(E.1a)

_ _ w-V

Ri(x,z;W;k=0)=—R,(x,z; W; k =0) =tanhT(Z). (E.1b)
In this appendix, we make use of (E.1) together with the asymptotic expressions of T and R;
given in appendix F.

Now let us derive (6.2a). For the case V (—o0) = V;, we write (3.16) as

oy = )M S / dz Az, k) (—1,01, ..., o811 o eV, (E2)
{o1,.on} ©
where A(z, k) denotes the part containing 7, R;, and the sum over m. (We omit to write the
dependence on W.) Equations (E.1) yield
72(x,z; k = 0) 1 1+ Ri(x,z;k=0) VO
I—Rlz(x,z;k=0) ' 1 — Ri(x,z;k=0) '
From equations (F.23) and (F.24) of appendix F, and from the fact that C3, C4 and 6 in these
equations remain finite as k — 0, we find that |72 /(1 — R?)| < C,|(1+ R)/(1 — R)| < C
for —oo < z < x and |k| < ko with some ky. (Here, too, we let C denote a constant which
may not necessarily be the same at each appearance.) Using these inequalities in (3.16), we
can see that |A(z, k)| < C. (The infinite sum in (3.16) does not cause any problems. See the
comment above (3.17).) In the same way as in appendix C, it can be shown that

(E.3)

f dz[(—=1,01, ..., o811 eV @] < 00 (E.4)

ifV-V e F,f,_). Since |A(z, k)| < C, inequality (E.4) means that the absolute value of the
integrand on the right-hand side of (E.2) is dominated by a k-independent function of z which
is integrable in the interval (—oo, x). Therefore, if V — V| € F 15,7), we can interchange the
order of the limit £ — 0 and the integral in (E.2) to obtain
Py _ ) _ oV V(@)
fim v _{ Z }f_oodzA(z,k =0)(—1,00,...,08 1) eV @, (E.5)
O yueny ON

Substituting (E.3) into (3.16), and comparing it with (3.13) and (3.14), we find that the
right-hand side of (E.5) is equal to 7§, ,. Replacing N — n — 1, we can write (E.5) as

Prt : )
LA R f Vv, eF. E.6
oG ] tE Fat E5)
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Since p,_, = (ik)"Fy + py, from (E.6) it follows that p; = o(k"), and hence (SzR = o(k™), as
k—0if V-V, e Fn(:)l. (The proof for n = 0 can be done by replacing p?_, with R,, and
using the integral representation of R, (x, —00) (equation (3.16) of [3]).)

ItV)—Vi ~B/I1z|“(N <o < N+1) as z — —oo, we can say more about the behavior
of 8"NR as k — 0. In this case (—1, 07, ...,0nv-1]% ~ C|z|]N=* as z = —oo. From (F.21)
and (F.22) of appendix F, we can see that the leading contribution to the integral of (E.2) has
the form

X X
f dz Az, k){(—1,01, ..., o8 1T '@ = c/ dz () [zV T+, (E.7)
—0Q —0Q

where & is some function. The integral on the right-hand side is convergent if k # 0. This
integral behaves like 1/k¥*!=* as k — 0, as can be seen by changing the integral variable
from z to Z = kz. So we have py ~ Ck®, and hence 8;’\,R ~ Ck% ask — 0.

Let us proceed to (6.2b). For the case V (—o0) = +00, we write (3.21) as

pr =GN Y / dz Bz, K)[—1,01, ..., 011 eV @,  (E.8)

{o1,....0n}

where B(z, k) is the part containing T and R;. Let us temporarily assume that the order of the
limit K — O and the integral in (E.8) can be interchanged. Then,
Py ! v(
— — o )
fim ST = > /;oodz Bz, k=0)[—1,01,...,08 1] eV, (E.9)
{o1,....0n}

Substituting (E.3) into (3.21) and comparing it with (3.20), we can see that the right-hand side
of (E.9) is equal to ’71}:/+1~ Ife™V ¢ F;,*), then 7’1’(,+1 is finite (see appendix C), and so (E.9)
makes sense. With the replacement N — n — 1, equation (E.9) reads

—p
Pn1 _ _p

- if eVer. E.1
k=0 (ik)" " e &8 (E-10)

Since p’_, = (ik)"7? + p2, it follows from (E.10) that > = o(k"), and hence 8’} = o(k"), as
k— 0ife”V € F\7).

Now we have only to justify the interchanging of the limit k — 0 and the integral in (E.8).
This is easy if f(—o0) # 0. When f(—o0) # 0, the behavior of T(x, z) as z — —o0 is given
by either (F.9) or (F.16). These equations hold for k£ = 0, too, since

T(x,z;k=0) =2e"2e VO[] +0(1))] (z > —00), (E.11)

as can be seen from (E.la). The expressions (F.9) and (F.16) continuously approach (E.11)
as k — 0. Since the quantities 1(z, k) and 6(z, k) in (F.9) and (F.16) are o(|z]) as z - —o0,
we have, for |k| < ko with some kg,

12%(x, z: k)| < Cexp[—V(2) + C'z], (E.12)

where C’ is a constant which can be chosen arbitrarily small. Considering the behavior of R;
given either by (F.10) or (F.17), we see that

1 1+ R\ 1 1+R |
= _ = | — <C, (E.13)
1-R/\1-R, [1—-R/?|1—-R;
since A < 0. From (E.13) and (3.21), we find
|B(z, k)| < CT2(x, z; k) e =DV Q). (E.14)
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In the same way as in appendix C, it can be shown that®

[[=1,01,....0n_1] eV @e"MVE] < CeV@)/ e V@ w|"dw < Clz|V. (E.15)
—0oQ0

These inequalities hold as long ase™" € F 1£1_—>1 From (E.12), (E.14) and (E.15) we have

|Bz,K)[—1, 01, ..., on-1F €™V @] < Clz|V exp[-V (2) + C'z]. (E.16)

Since f(—o00) # 0, in this case V (z) tends to +oo linearly or faster as z — —oo. Therefore,
the right-hand side of (E.16) is integrable in the interval (—oo, x). The absolute value of the
integrand of (E.8) is thus dominated by a k-independent integrable function, and this justifies
the interchanging of the limit and the integral.

When V(—o0) = +00 and f(—o0) = 0 (i.e., when V(z) grows slower than linearly),
we cannot find a k-independent integrable function of z that dominates |z2(x, z; k)| as in
(E.12). In this case, the behavior of 7(x, z) as z — —oo is given by (F.23). However small
k may be, T(x, z; k) is considerably different from 7 (x, z; 0) when —z is large, since (F.23)
is not compatible with (E.11). The crossover of the two different behavior takes place in the
region where |k| ~ | f(z)|. (This can be known by studying the small-k expansion of 7.)
Let us define z; by |k| = |f(zx)|. (Such z; is uniquely determined when £ is sufficiently
small, since we are assuming that f(z) is asymptotically monotone.) Roughly speaking,
T(x,z; k) ~ T(x, z;0) for z > z; when k is sufficiently small. For z < z;, we need to use
(F.23). The factor C; in (F.23) is of the order of e~V@)/2 gince T(x, z;; k) is of the same
order as T(x, z;; 0) ~ C e~V @)/2 We can write

T(x,z; k) = Ce V@2 exp[—ik(z — zx) + 10 (2, 2, k)11 + o(1)], (E.17)

where 6 is defined by (F.20). We divide the integral in (E.8) as [~ = [* + [ ): The part
fz i can be treated in the same way as in the case f(—o0) # 0. An inequality analogous to
(E.12) holds for z > z;, and it can be shown that limy ¢ | ): = [ limy_. Let us study the
part [* . Equation (E.17) gives’

2k
f 72(x, 2, k)|z|Vdz ~ C eV /N (E.18)
—0Q

if we neglect the 6(zx, z, k) and the o(1) part of (E.17). (By using (F.18)—(F.21), it can be
shown that the contributions from 6 and the o(1) part in (E.17) are indeed negligible in the
limit k — 0.) Using (E.15), (E.17) and (F.24), we can estimate the part f_‘oc of (E.8). This is
essentially the same as (E.18), and we have

Zk
/ B(z,k)[—1,00,...,08-1 o eV @dz| < Ce™ V& /EN* (E.19)
—00
(Also see (E.7) and the explanation below it.) If V(z) ~ (N + 1) log|z| as z = —o0o, then
|zel ~ C/lk| as k — 0. Since e V@ ~ C|z¢|~N*D ~ C|k|N*!, the right-hand side of (E.19)
approaches a finite value as k — 0. Ife™V e F ,if) , then V (z) grows faster than (N + 1) log |z|
as 7 — —o0, and so the right-hand side of (E.19) vanishes in the limit k — 0. Therefore, the
part ff’;o of (E.8) is negligible as k — 0ife™" € Fﬁ,—), and, since limy_,¢ f;}i = ffoo limy_o,
this means that lim;_, o and f foo can be interchanged.

If V() ~alog|z] (N < a < N +1) as z — o0, the inequalities in (E.15) can be
replaced by ‘~’, and (E.19) gives fogo B(z,k)---dz ~ Ck* V! (k - 0). We can
6 In appendix F of [3], it is assumed that the quantity on the left-hand side of (E.15) tends to a finite value as
7 — —o00, but this is wrong.

7 When Im k = 0, it is necessary to replace k by k + ie and let € |, 0 after evaluating the integral.
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also see that Zf;: B(z,k)---dz ~ Cf;: 127N dz ~ Clzg|"**NV*! ~ CkeN-1 as k — 0.
(This is obtained by substituting (E.3) into the integrand.) Therefore, from (E.8) we obtain
pY ~ Ck®, and hence 858 ~ Ck*, as k — 0.

Appendix F. Asymptotic behavior of 7(x, z) and R;(x, z) as z - —o0

In this appendix, we study the asymptotic forms of Z(x,z; W;k) and R;(x,z; W; k) as
z — —oo forImk > 0, k # 0. Details of the derivation are omitted, but let us only mention
that equations (F.5), (F.14), (F.15), (F.21) and (F.22), which are the basic expressions, are
all derived by using equations (3.5)—(3.8) of [16]. We need to consider the three cases, (1)
Jf(=00) = £00,(2) f(—00) =c¢ # 0and (3) f(—o0) =0.

(1) f(=o00) =

Let us consider the Schrodinger equations

d2
—@w#z) +[F @+ FPOQIWEQR) = Py ). (F.1)

The equation for v ~ is identical with (1.1), and the equation for ¥* is the Schrodinger equation
corresponding to the inverted Fokker—Planck potential —V. We set

1 Z
V@) = exp [EV(Z) " / B (w, k) dw} , (F.2)
and substitute into (F.1). This gives the nonlinear differential equations
0
a—zfai(z, k) F2f(@)pE @ k) + [pE (@, b)1F = k. (F.3)

It is easy to see that these equations have solutions satisfying the asymptotic conditions
2

2f(2)

We can express the scattering coefficients in terms of these solutions p* as

P k) ==+ [1+o0(1)] as z — —oo. (F.4)

T(x,z; k) =1/a", Ri(x,z; k) = —B7 Ja", (F.5)

1
f= —ip A/DIV D=V (@)l
© = et e p (o] kTP e bk =i ble

+[k1+i P, Rk — 1P (z, k)] e PV @-VEl-ny (F.6)

1/DIV ()=V@)]l-n*
20K2 + pr(x, k) p(x, k)]{[k+lp (x, )k +ipT(z, k)]e
—lk+ip*(x, W)k +1p~ (z, k)] eV/PV@=V@l=n"y

B =

where n* = f pE(w, k) dw. (The symbols a* and B~ are in accordance with the notation
used in section III of [16].) If f(—oc0) = +oo, then V(—0o0) = +oo, and (F.5) gives the
asymptotic behavior of t(x, z; k) asz - —o0

1
T(x,z; k) = C(x, k) exp |:—§V(z) +n(z, k)] [1+o(1)], F.7)

n(z, k) E/z pHw, k)dw = —/ mdw[l +o(1)], (F.8)
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where zp is a constant. The generalized transmission coefficient T(x,z; W; k) is the
transmission coefficient for the potential that has a jump at the right end point x (see [16]). So
it is obvious that 7 has the same asymptotic form as (F.7). The expression for R; is also the
same as that for R;. We have

T(x, 2 Wi k) = Ci(x, W, k) exp [—%V(z) +0z, k)i| [1+o(D], (F.9)
i i
R, 23 Wik) = —1 — %[1 +o(1)]. (F.10)

From (F.8) we can see that n(z) = o(|z]) as z —> —oo. If 1/f € F(;_), then n(—o0, k) is
finite, and so we may let n = 0 in (F.9) by including e”=>>% in C;. Since lim;_,¢ p* = 0,
we have C(k = 0) = e"®/2 Ci(k =0) =2e"? and n(z, k = 0) = 0.

The results for the case f(—o00) = —oo can be obtained in the same way. The asymptotic
expressions for T and R; are obtained by replacing V with —V in (F.9), and by changing the
sign of the first term on the right-hand side of (F.10).

(2) f(=00) =c.
We consider the second-order differential equation
d? ) fl@[d . _ g2
—@w(z) + @Y () + 1) [allf(Z) - lkI/f(Z)} = kY (2). (F.11)

(This is the equation satisfied by the quantities a*(x, z) and 8*(x, z) defined in section III of
[16], as functions of z with fixed x.) We set ¥ (z) = exp [fz q(w, k) dw], and substitute into
(F.11). This yields the differential equation

Kl @)

_ 2 20y 2
8ZQ(ZJ<) f(z)q(z,k)+q(z,k) () —k 7@

Suppose that k> # ¢?. (Since we are interested in the region of small k, we need not consider
the case k> = ¢?.) Then equation (F.12) has a solution that tends to —+/c2 — k2 as 7 — —o0.
Let us define, in terms of this solution g (z, k),

Pz k) =gz, k) +v 2 —k2, s(z, k) = [ik — q(z, )1/ f (2),

1 X
)/(x, ka)E 5/ [p(wak)-'-p(w’ _k)]dw7

r@ (F.12)

s (F.13)
0(x,2.K) = ﬁ/ [p(w. k) — pw. —k)]dw,
z
O, z,k) =ivVc? —k*(x —2) +0(x, z, k).
Then we have
1 —s(x,k)s(x, —k) Ok
, ,k — i 19(x,z, )+y(x,z,k)’ F14
T B = T G st k) eReuah © 19
—5(z, k) + s(x, k) el @20
R,z k) = — @R ¥sbe (F.15)

1 —s(x, k)s(z, —k) 2020

We can show from (F.12) that p(z, k) = B(k)[f(z) — c][1 + o(1)] as z — —o0, where B(k)
is some z-independent quantity. Since p(z, k) is o(1) as z — —oo, obviously both y (x, z, k)
and 0(x, z, k) are o(|z]) as z — —oo. It is not difficult to show that, in fact, y (x, —o0, k)
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is finite. Note also that lim,_, o, s(z, k) = (ik + /¢ — k2)/c. As long as +/c% — k? has a
nonzero real part, e ©*%% vanishes in the limit z — —o0, and we obtain

T(x,z; Wi k) = Co(x, W, k) exp[v/ c2 — k2z +i0(z, k)][1 + o(1)], (F.16)
Ri(x,z: W: k) = —%(ik+\/c2 — k) +0(D), (F.17)

where 0(z, k) = 6(zg, z, k) with a fixed constant zo. This 6(z, k) is o(|z|) as z — —o0. The
expressions for T and R, are of the same forms, with W replaced by V (x).

(3) f(—o00) =0.

Substituting ¥ (z) = exp [ikz + [ p(w, k) dw] into (F.11) yields the differential equation
9+ [Zik _/ (Z)} P k) + P22 k) = £2(2). (F.18)
9z f @)

This equation has a solution that has the asymptotic form, as z — —oo,

_ L 2 . . f/(Z) _
Pk =5 PEI+oM] i Jim T =0, (F.19a)
__ U : . @
Pk =g @I so] i lim =), (F.195)
1 . . @)
p(z, k) = —=f(@[V(2) — V(—00)][1 +0(1)] if lim = 00. (F.19¢)
2 7—>—00 f(z)

(Recall that f’(z) is monotone for sufficiently large |z|, by our assumption. The right-hand
side of (F.19b) is replaced by zfz(z)[l +o(1)] when b +2ik = 0.) Let p stand for the solution
specified by (F.19). Just like (F.13), we define

1 X

s(z, k) = —p(z,k)/f(2), y(x,z,k) = E/ [p(w, k) + p(w, —k)] dw,

o : (F.20)
6. 2. k) = Z/ [p(w, k) — p(w, —K)] dw.

z
Then we have
. _ 1 - s(x, k)S()C, _k) ik (x—z)+i0 (x,z,k)+y (x,z,k)
T(x. 2 k) = 1 — s(x, K)s(z, —k) AkG—o+0Gzh] © ’ (F.21)
_ , k , k 2i[k(x—z)+0(x,z,k)]

Rix, 2 k) = &R *s(nbe (F.22)

1— s(x, k)S (Z, —k) e2ilk(x—2)+0(x,z,0)] *

From (F.19) it follows that s(z, k) = o(1) as z — —oo. It is not difficult to see that
y (x, —00, k) is finite. So (F.21) and (F.21) yield the asymptotic forms as z — —o0

T(x,z; Wi k) = Ca(x, W, k) exp[—ikz +10(z, k)][1 + o(1)], (F.23)
Ri(x,z; Wi k) = Cy(x, W, k) exp[—2ikz +2i0(z, k)] + o(1), (F.24)
where 6(z, k) = 0(zo, z, k) with a constant zo. This 6(z, k) is o(|z]) as z — —o0. If
fre Fé_), then 6 (—o0, k) is finite, and we may let & = 0 in these expressions by including

¢?(=2K) in C;. The expressions for  and R; have the same forms as (F.23) and (F.24), with
W replaced by V (x).
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Appendix G. The existence of R,.(x, — 003 k)

We defined the reflection coefficients for semi-infinite intervals as R,(x, —oo; k) =
lim,_, _ R, (x, y; k). (For Imk = 0, the limit € | O of k +ie is implied when necessary, as in
(2.4).) Here we show that such a limit exists for Imk > 0O (the existence of R;(co, y; k) can
be shown in the same way). We use the integral representation [16, 18]

Ry (e, yi k) = / FT2 0, 25 k) dz G.D)

and the asymptotic form of 7(x, z; k) as z — —oo given in appendix F. For k = 0, we have
exactly R, (x, y; k = 0) = tanh{[V (y) — V(x)]/2} (see (E.1)). We can let y — —o0 in this
expression (see (3.7)). In the following, we assume that k& = 0.

First, we consider the case f(—o0) = +00. Substituting (F.7) into (G.1) gives

X
Ry (x,y; k) = C*(x, k) / F@IL +h(z)]e V@@, (G.2)
y
where h(z) = o(1) as z — —o0. Since f(z) = —(1/2)(d/dz)V (2),
X ] X
/ f(Z) e—V(z)+2'7(z) dz = _z e—V(y)+2'7(y) +/ 77/(2) e—V(z)+2n(z) dz +C, (G.3)
y y

where C is independent of y. In this case, V (z) tends to +oo faster than |z|. From appendix F
we know that 1(z) = o(|z]) and 1'(z) = o(1) as z — —oo. So the first term on the right-hand
side of (G.3) vanishes, and the second term is convergent, as y — —oo. It is obvious that the
part including 4 (z) in (G.2) is also convergent as y — —o0, since the integrand decays even
faster. Therefore, the limit y — —oo of R, (x, y; k) exists, irrespective of whether Imk > 0
or Imk = 0. The argument is the same for the case f(—o00) = —oo0.

Next, let us consider the case f(—oo) = 0. We write (F.21) as

B e-ilkz=0)1+y )

T(x,z;k) = 1 — u(z) e 2ke—00)] (G4

explicitly writing only the dependence on z, with u(z) = s(z, —k)s(x,k)e”* and B =
[1— s(x, k)s(x, —k)]e**. If Imk > 0, then 7(x, z; k) falls off exponentially as z — —oo,
and it is easy to show that (G.1) has the limit y — —oo. So, let us assume that Imk = 0.
If Imk = O, the quantities 6(z) and y(z) (defined by (F.20)) are real-vaued functions
of z, since p(z, —k) = [p(z,k)]*. By our assumption, f(z) and f’(z) are monotone
for sufficiently large |z|. From (F.18) and (F.19) it follows that p(z, £k), and hence
v(2),0(z2),0'(z), Reu(z), Imu(z), are all monotone for sufficiently large |z|. As can be
seen from appendix F,

0(z) = o(|z]), 60'(z) = o(1),
v(2)=0(), u(z) = o(1) as 7z — —o0.

(G.5)

We divide the integral of (G.1) in two parts as f; = fy):) + f) ** with some yj, and substitute
(G.4) into the second part. Then

Yo Yo 0 )

f@)7*(x,z; k) dz = B? / F@e D nu(z) e D@ ) g7, (G.6)
Y Y n=0

Here we have expressed 72 as a power series in terms of «. This infinite series is convergent

if —yp is chosen to be sufficiently large. Let us define

In = nBZ /yo f(Z) eZy(z)un (Z) 672(n+1)i[k279(z)] dz. (G7)
y
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Setting Z = z — [6(z)/ k], we can write

7=V 2y(z),,n

I, =nB? / B A(Z)e DRz g7, AZ) = M. (G.8)
=y 1 —[0"(2)/k]

Since f(z), y(2), u(z), 0’(z) are all asymptotically monotone, there exists a number w such

that A(Z) is monotone for z < w, and from (G.5) we see that A(Z) — 0 as z —> —oo. Let

us take yo < w. Then, using the second mean value theorem of integral calculus, we find

f(yo) &0 f (o) &0
k —6"(yo) k —6'(yo)
When y is finite, term-by-term integration is permissible on the right-hand side of (G.6). The

infinite series ) - I, is convergent and is equal to the left-hand side of (G.6). Taking the
sum of (G.9) over n, we obtain

[Re7,| <2 |B* lu(yo)l", Im7,| <2 |B* lu(yo)". (G.9)

2
Re [ f@reshyar] <a|pfO0eT L

y k—=0"(yo) [ 1—1lu(yo)l
and similarly for the imaginary part. (We are taking —y, to be sufficiently large so that
lu(yo)] < 1 and also k > 6’(yg).) The right-hand side of (G.10) is independent of y, and
vanishes as yp — —oo. Therefore, the limit y — —oo of (G.6) exists. Hence it is obvious
that limy_, o R, (x, y; k) exists.

The case f(—00) = ¢ # 0 can be studied in the same way, using (F.14) instead of (F.21).
If Re v/c2 — k? # 0, then 7 (x, y; k) falls off exponentially as y — —o0, and it is easy to show
the existence of the limit y — —oo of (G.1). If k is real and k> > ¢, the right-hand side
of (G.1) oscillates as y — —oo and does not converge. In order to make the integral have a
definite value, it is necessary to assume that k has an infinitesimal imaginary part ie. Then
lim, o lim,_, _, of (G.1) exits, as can be seen from the fact that the following limit exists:

(G.10)

<2‘

X o 2iKZ+eZ _e—2ikX

lim li . dz = —.

E%YEE,O y 3 _ae—21KZ+eZ)2 2iK(1 _ae—21KX)
(Apart from a constant factor, the integrand on the left-hand side of (G.11) is the asymptotic
form of f(z)t?(x,z; k) as z — —oo, where K = Vk2 —c2and Z = z — [A(z)/K]. The
remaining part of f(z)t2(x, z; k) vanishes as z — —oo, and its integral converges more
rapidly.) In this paper, however, we need not be concerned with the case k* > ¢2, since we
are studying the small-k expansion. The case k* = ¢? is not discussed here, since we do not
need this case either.

(G.11)

References

[1] Risken H 1984 The Fokker—Planck Equation (Berlin: Springer)
[2] Miyazawa T 2006 J. Phys. A: Math. Gen. 39 10871
[3] Miyazawa T 2006 J. Phys. A: Math. Gen. 39 7015
Miyazawa T 2006 J. Phys. A: Math. Gen. 39 15059 (corrigendum)
[4] Miyazawa T 2007 J. Phys. A: Math. Theor. 40 8683
[5] Newton R G 1966 Scattering Theory of Waves and Particles (New York: McGraw-Hill)
[6] Deift P and Trubowitz E 1979 Commun. Pure Appl. math. 32 121
[7] Chadan K and Sabatier P C 1989 Inverse Problems in Quantum Scattering Theory 2nd edn (New York: Springer)
[8] Yafaev D R 1982 Comm. Math. Phys. 85 177
[9] Bollé D, Gesztesy F and Wilk S F J 1985 J. Operator Theory 13 3
[10] Newton R G 1986 J. Math. Phys. 27 2720
[11] Klaus M 1988 J. Math. Phys. 29 148
[12] Klaus M 1988 Inverse Problems 4 505
[13] Aktosun T and Klaus M 1999 J. Math. Phys. 40 3701

31


http://dx.doi.org/10.1088/0305-4470/39/34/018
http://dx.doi.org/10.1088/0305-4470/39/22/015
http://dx.doi.org/10.1088/0305-4470/39/48/C01
http://dx.doi.org/10.1088/1751-8113/40/30/006
http://dx.doi.org/10.1002/cpa.3160320202
http://dx.doi.org/10.1007/BF01254456
http://dx.doi.org/10.1063/1.527294
http://dx.doi.org/10.1063/1.528167
http://dx.doi.org/10.1088/0266-5611/4/2/013
http://dx.doi.org/10.1063/1.532920

J. Phys. A: Math. Theor. 41 (2008) 315304

T Miyazawa

[14] Aktosun T 2000 J. Math. Phys. 41 4262
[15] Aktosun T and Klaus M 2001 Inverse Problems 17 619
[16] Miyazawa T 1998 J. Math. Phys. 39 2035
[17] Miyazawa T 1999 J. Math. Phys. 40 838
Miyazawa T 2000 J. Math. Phys. 41 6861
[18] Miyazawa T 1995 J. Math. Phys. 36 5643

32


http://dx.doi.org/10.1063/1.533340
http://dx.doi.org/10.1088/0266-5611/17/4/304
http://dx.doi.org/10.1063/1.532276
http://dx.doi.org/10.1063/1.532689
http://dx.doi.org/10.1063/1.1290382
http://dx.doi.org/10.1063/1.531281

TOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 43 (2010) 049801 (1p) doi:10.1088/1751-8113/43/4/049801

Corrigendum

Low-energy asymptotic expansion of the Green function for one-dimensional
Fokker-Planck and Schrodinger equations
Toru Miyazawa 2008 J. Phys. A: Math. Theor. 41 315304

There is an error in the definition of the transmission coefficient (equations (2.3)). The
transmission coefficient 7 in (2.3a) and (2.3b) should be multiplied by elV®=V@I/2 and
e [VO=V@I/2 respectively. Without this correction, the functions ¢; and ¢, defined by (2.3)
are solutions of the Schrodinger equation, not the Fokker—Planck equation.

The same error occurs in the corresponding equations in the previous series of papers
(equations (1.6) of [1], equations (3.2) of [2], and equations (2.10) of [3]). The functions
defined by these equations should be interpreted as solutions of the Schrodinger equation
instead of the Fokker—Planck equation. Otherwise, there should be a factor el )=V @DI/2 (for
x < xp) or e VE)=V@I/2 (for x > x,) in front of T (x,, x1; k). This error does not affect any
of the results of this paper or these previous papers.
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